In this work, we report the results of theoretical modeling supported and confirmed by experimentally measured emission, emission decay curves, and power dependent emission spectra for sub 10 nm β-NaGdF 4 :Er 3+ ,Yb 3+ nanocrystals with different Yb 3+ content (0.5%-15%). For the theoretical analysis, we develop a stochastic Monte Carlo model which is based on two components: (i) formation of clusters composed of Er 3+ ion and Yb 3+ neighbors, which gives insight into the role of local parameters and (ii) a simplified kinetic model of excitation and relaxation phenomena in pairs of Er 3+ and Yb 3+ ions. The quantitative agreement between experimental data and modeling was obtained for the relative emission ratio of upconversion luminescence in green, red, and blue spectral ranges. Theoretical predictions of impact of excitation pulse duration and pumping light power on upconversion luminescence are presented. Published by AIP Publishing. [http://dx
I. INTRODUCTION
In recent years, the study of nanomaterials in both fundamental and technological research has attracted considerable attention due to their potential applications in various fields, e.g., color displays, solid-state lasers, and medicine and lightemitting diodes. 1,2 Especially, lanthanide-doped upconversion nanocrystals (UC-NCs) are popular nowadays because of high potential as multimodal probes, 3,4 nano-thermometers, 5, 6 and photovoltaics applications. 7 Among UC-NCs, fluoride AREF 4 (A = alkali metal, RE = rare earth) has been investigated for several decades because of relatively low phonon energy (about 400 cm 1 ), 8, 9 which is reflected in low efficiency of non-radiative transitions.
One of the main challenges in this field is to obtain small NCs (<10 nm) with high emission quantum yield (EQY > 1%) and with narrow NC size distribution. This is however still a challenging task because small size of NCs results usually in a poor EQY. The small size is crucial for efficient body clearance, 10 efficient cell membrane transport, 11, 12 and for designing high-contrast agents for magnetic resonance imaging (MRI), 13 which, all listed above, are desired for biomedical applications. A small size of NCs is also desirable when UPC-NCs are used as nano-thermometers. 14 Therefore, a deep understanding of processes responsible for NC emission reflected in EQY is crucial for further development in this field.
Unfortunately, UPC-NCs represent a very complicated system from the modeling point of view, given the number of ion-ion interactions taking place and the complex energy structure of Er 3+ ions. Moreover, in nanocrystals, the ions can a) Author to whom correspondence should be addressed: grzegorz.pawlik@ pwr.wroc.pl take different positions within the nanocrystal volume: coreand surface-related. Although RE ions are not significantly sensitive to local environment, the influence of the surface is evident in their optical properties when the size of NCs is very small. 15, 16 At such a small size, other effects like ion aggregation can also take place, making the ultimate picture intricate.
These complications make interpretation of the experimental data possible only at a very high level of generality, leaving deep understanding of fundamental processes untouched. To overcome this limitation, and to get a better insight into nanoscopic processes responsible for emission and its quenching, there are two main directions: single nanocrystals spectroscopy 17, 18 and supporting experimental results with the data from numerical modeling. For the latter, most of the work done so far has been based on rate equations solved apart from the experimental results. 19, 20 In case where the numerical results are supported with the experimental data, this is done mostly based on the emission decay measured for a single emission band and fitted by solving the rate equations with a number of free parameters, reduced sometimes by fixing some of them according to the literature data. This approach has a number of limitations. This is mainly because the up-converting systems involve complex interactions, and thus, the number of free parameters in the model is huge. This results in some degree of arbitrariness in their choice in order to obtain agreement between modeling and experimental data.
The next step toward gaining a better understanding of underlying physical mechanisms involves a generalization of the above studies. It includes simultaneously fitting several emission decay times, recorded at different energies. The objective of this paper is to propose such an approach and to compare it with experimental data.
A step forward in better understanding of ion interactions at the nanoscale is to use the multiband emission fitting, in numerical framework of stochastic Monte Carlo (MC) algorithm for a single cluster, and perform subsequent averaging over a set of such clusters. This approach offers a possibility of analyzing the physical quantities of interest. The advantage of this kind of approach consists in the following. Based on this model, we can simulate all microscopic events resulting in the "macroscopic" emission curves. A previous study based on the set of coupled rate equations leads to observation of evolution of excitation probability of each ion 21 or averaged concentration of each energy level. 22 Using the MC kinetic model, we can observe the state of each ion in the system described by the occupation of a specific energy level, and we can count the discrete number of photons emitted per unit time for a chosen size of the nanocrystal and the ion concentration. Therefore, the approach based on MC kinetic model gives more realistic picture of the system. Each Er 3+ ion may be embedded in a different local environment, which can also be modeled in the MC approach, namely, we use MC method to design a virtual nanocrystal with luminescent centers. 21 We can investigate the behavior of the statistical ensemble of ion clusters under various conditions described by statistical distributions of the parameters in the model. In the presented method, different interactions between the clusters can also be introduced. Therefore, this approach might hopefully provide much more intuitive information on what happens in the system at the nanoscale. By modeling the macroscopic emission, one gets insight into the role played by the microscopic processes characterized by, e.g., the number of Yb 3+ neighbours around each Er 3+ ion in the system.
In this paper, we report the results of theoretical modeling supported and confirmed by experimentally measured emission decay curves for sub 10 nm β-NaGdF 4 :Er 3+ ,Yb 3+ with different Yb 3+ content (0.5%-15%). The MC simulation is based on two components: (i) clusters composed of Er 3+ ion and Yb 3+ neighbours and (ii) a kinetic model of excitation and relaxation phenomena for the coupled ions. The model includes the local ion configurations. However, processes related to high concentration of the Yb 3+ ions (e.g., excitation energy migration to the surface, co-operative Yb 3+ emission, or the reverse energy transfer from Er 3+ to Yb 3+ ) are not considered in this model. This exclusion is made based on our previous findings 23 that such processes appear at higher Yb 3+ concentrations (Yb 3+ > 15% and Er 3+ < 5%) that are above the ones considered in this paper.
II. EXPERIMENTAL

A. Samples preparation
In a typical procedure for the synthesis of NaGdF 4 : Yb 3+ /Er 3+ nanoparticles, 3 ml water solution of Ln(CH 3 COO) 3 (0.2M, Ln = Gd, Yb, and Er) was added to a 50-ml flask containing 4 ml of oleic acid. The mixture was heated at 150°C for 30 min to remove the water content from the solution. A solution of 1-octadecene (6 ml) was then quickly added to the flask and the resulting mixture was heated at 150°C for another 30 min before cooling down to 50°C. Shortly thereafter, 5 ml of methanol solution containing NH 4 F (1.36 mmol) and NaOH (1 mmol) was added and the resultant solution was stirred for 2 h. After the methanol was evaporated, the solution was heated to 290°C under argon for 1 h and then cooled down to room temperature. The resulting nanoparticles with a yield of 80 mg were precipitated by addition of ethanol, collected by centrifugation at 10 000 rpm for 4 min, washed with ethanol several times, and re-dispersed in 4 ml of cyclohexane.
B. Optical studies
Samples for the TEM experiments were prepared by evaporating a dilute cyclohexane solution of the nanoparticles onto carbon coated copper grids, and a FEI Tecnai G2 20 X-TWIN microscope equipped with an energy-dispersive X-ray microanalyser was used to obtain the TEM images and energydispersive X-ray spectroscopy (EDXS) spectra of the nanoparticles. X-ray powder diffraction patterns were obtained using a Philips diffractometer supported by a parallel beam optic and CuK1 radiation source, λ = 0.154 06 nm. For steady state PL as an excitation source, a 980-nm laser (Shanghai Dream Lasers technology SDL-980-LM-1000T) was used. An iHR320 monochromator (Horiba Jobin-Yvon) coupled with a Symphony II CCD detector was used as the detection systems for measurements. The PL spectra have been corrected spectrally by a setup characteristic. The PL decay curves were measured using a pulsed laser (978 nm, 7 ns, 20 Hz, Opolette tm , Opotek, Inc., Carlsbad, CA, USA) coupled to a gated detection system with a time resolution of 1 µs.
C. Experimental results
Figure 1(a) shows a representative transmission electron microscopy (TEM) image of one of the investigated NCs. As it can be seen from Figs. 1(a)-1(c), as-synthetized nanocrystals were shown to be monodisperse with an average size of around 8 nm, changing only slightly from sample to sample in the range of Yb 3+ concentration between 0.5% and 15%.
Figure 1(d) shows typical emission spectra recorded for the investigated NCs at 980 nm excitation wavelength corrected by the setup spectral response. In the emission spectrum, seven different Er 3+ bands can be distinguished: the strongest green bands ( 2 H 11/2 and 4 S 3/2 → 4 I 15/2 ), red band ( 4 F 9/2 → 4 I 15/2 ), and blue band ( 2 H 9/2 → 4 I 15/2 ) at 410 nm deep, blue band at 380 nm ( 4 G 11/2 → 4 I 13/2 ), and two NIR bands at 815 and 840 nm related to ( 4 I 9/2 → 4 I 15/2 ) and ( 4 S 3/2 → 4 I 13/2 ) transitions, respectively. The spectrum has been corrected spectrally. Thus, the given relative emission intensities are related to physical phenomena only, not to experimental system configuration.
Because of the low concentration of Yb 3+ , high green to red ratio of emission bands is observed in the spectrum. 23 This is because the ions are separated from each other far enough and do not effectively interact via the cross relaxation (CR) nor the energy migration (EM) or back energy transfer (BET) process. 23 As a result, the energy of excited carriers is only reduced as multiphonon relaxation within the ion or radiative recombination giving contribution to the observed emission signal. The above assumption is a starting point to our simulations, where the only process connecting Yb 3+ and Er 3+ ions is energy transfer up-conversion and intra-ion multiphonon relaxation.
Within this model, the only effects changing the properties of the system by varying the relative ions concentrations can be related to changes in the excitation mechanism of Er 3+ ions (the number of energy transfers/second) and with population/depopulation of ion energy levels in time. Thus, the key parameter for our model is the number of coupled Er 3+ and Yb 3+ ions. This number will depend not only on relative ions concentrations but also more specifically on their relative microscopic configuration, which, in the case of MC approach, is a significant advantage as compared to modeling based on rate equations.
III. MODEL AND SIMULATION ALGORITHM
A. Cluster formation
To proceed with modeling based on MC, first, the relative ions configuration must be selected. We assumed that there are N Er 3+ ions in the system. Each Er 3+ ion is surrounded by some number of Yb 3+ ions. The number of Yb 3+ neighbors is determined in the following way. First, the positions of atoms are calculated according to the crystal structure ( β-NaGdF 4 ) in a spherical nanocrystal with diameter 7 nm. Then, for a specific Er 3+ and Yb 3+ concentration, with the assumption that the distribution of these ions is homogenous over the entire NCs volume, the positions of dopants are randomly chosen. In Fig. 2(a) , the histogram of Er 3+ -Yb 3+ distances (in angstrom) for dopant concentrations c Er = 0.02 (2%) and c Yb = 0.05 (5%) is presented. Next, for each Er 3+ ion, the number of Yb 3+ neighbors (ions for which Er 3+ -Yb 3+ distance is smaller than R C ) is calculated, R C , defining a sphere radius centered on Er 3+ ion and including all Yb 3+ ions a distance from the center smaller than R C [ Fig. 2(a) ]. Based on these assumptions, the statistical distribution of the number of Yb 3+ neighbours for each Er 3+ ion was obtained. In Figs. 2(b)-2(d) , the histograms illustrate how these distributions vary with R C for different Yb 3+ content (5%, 10%, and 20%). For R C = 0.4 nm, most of the Er 3+ ions are without neighbours. The number of Er 3+ ions with 3 and more Yb 3+ neighbors is very small for both concentrations. Thus, most of the Er 3+ ions are not coupled to any Yb 3+ ions, and thus, ET-UPC is not possible. The only way to excite these ions is via direct Er 3+ absorption. Nevertheless, for R C = 0.8 nm, the number of Er 3+ ions with 3, 4, and 5 Yb 3+ neighbours is noticeable. From Fig. 2(b) , we can see that for 5% of Yb 3+ , the highest probability of ions configuration is for Er 3+ -Yb 3+ pair but still very high number of Er 3+ ions is not coupled to any Yb 3+ ion. The situation becomes different when the Yb 3+ concentration increases, and in the case of 10% of Yb 3+ , the dominating configuration of the ions is in the form of a Yb 3+ -Er 3+ -Yb 3+ cluster. In this case, also the number of uncoupled Er 3+ ions is reduced. Of course, the higher the Yb 3+ concentration, the less uncoupled the Er 3+ ions (emission increases), but also more complex the clusters appear, where the energy migration starts to take place what usually is reflected in emission intensity reduction.
In the above way, the configuration of independent clusters of the ions can be determined. Each such cluster consists of one Er 3+ ion and some number of Yb 3+ neighbors according to the statistical distributions described by the histograms.
B. Kinetic model
In this section, we present the kinetic model of the excitation and relaxation phenomena for a pair of ions Er 3+ and Yb 3+ embedded in β-NaGdF 4 nanocrystal. The model is formulated in terms of transition probabilities per unit of time (R i ); then, their inverses define the characteristic time constants (τ i = 1/R i ). We consider a two-level [levels 0 and 1 in Fig. 3(c) ] system for Yb 3+ and a nine-level [levels 2-11 in Fig. 3 following processes: energy transfer (with transition probabilities T 24 , T 36 , T 49 , and T 611 ), multiphonon relaxation (with transition probabilities k 10 , k 43 , k 87 , k 98 , and k 1110 ), and radiative relaxation (with transition probabilities R 6 , R 7 , R 8 , and R 10 ). Emission channels related to these radiative relaxations are numbered by the index j (j = 1, 2, 3, 4, respectively). Let the vector C denote a set of the above parameters: C = {T 24 , T 36 , T 49 , T 611 , k 10 , k 43 , k 87 , k 98 , k 1110 , R 6 , R 7 , R 8 , R 10 }. In each consecutive single MCS, the state of each ion is changed (or not) according to the transition probabilities introduced above. The algorithm works as follows. Let us consider Er 3+ ion in the state corresponding to level 6 [ Fig. 3(c) ]. In a single MCS, this state can be changed to the following: (i) the state corresponding to level 2 with probability R 6 (with emission of a photon); (ii) the state corresponding to level 11 with probability T 611 , provided that the Yb 3+ ion is in the state corresponding to level 1 or remains in the state corresponding to level 6. The additional option for carrier in this state is to relax in multiphonon process. In this particular case, we are excluding this probability due to low phonon frequency in the matrix as compared to the distance between the energy levels and due to the assumption we did at the beginning that there are no processes in the system which could effectively participate in this nonradiative relaxation.
C. Simulation
Excitation conditions
The system is illuminated in the experiment with a nanosecond-pulsed laser. Because the pulse duration (7 ns) is much shorter than the lifetime of the considered excited states of the ions, in the simulation, the illumination is performed during the first MCS. After this time, the light is switched off. Incident light power is determined by a parameter k p . This parameter denotes transition probability per MCS of incident photon absorption by ion Yb 3+ and is proportional to incident light intensity.
MC simulation of emission intensity
In each MCS, according to the model presented in Sec. III B, there occurs transitions with a specific set of C. A transition related to energy transfers in single MCS can occur with any Yb 3+ neighbor of the given Er 3+ ion, provided that the Yb 3+ ion is in an excited state. So, probability of such transitions increases with the number of Yb 3+ neighbours in a given cluster. We assume only one energy transfer process per single cluster for a single MCS. In the presented simple approach, the transition probabilities T 24 , T 36 , T 49 , and T 611 are independent of the distance between the Er 3+ ion and a Yb 3+ neighbour.
In order to relate the results of the simulation to experimental data, the number of photons for each emission channel is counted. P MC j (t i ) denotes the number of photons emitted in a single MCS for channel j during the time interval ∆t i = t i t i1 .
These values can be compared with the number of photons P E j measured in experiments.
Because the experimental emission intensity is given in arbitrary units, a direct comparison of the number of photons is unnecessary. The estimation procedure for the kinetic parameters defined above is performed for the values of P MC j (t i ) and P E j (t i ) normalized to the maximum values for the channel related to the transition probability R 7 (j = 2),
The criterion that is used to monitor the quality of the approximation is the extent of the deviation of the experimental data and the results of the Monte Carlo simulation, performed for a given set of parameters C. This deviation is calculated for each experimental data point (for the instant of time t i ) using the following formula:
where n denotes the number of emission channels taken into account and w j denotes the weight factor for the jth channel:
Finally, the value S( C) is calculated by summing s( C, t i ) over all experimental points. The procedure of approximating the experimental data results in determining the value of the parameter vector C. First, the simulation described above for N clusters of ions is performed with an arbitrarily chosen initial set of parameters C 0 , resulting in an initial value S( C 0 ). In the next step, a single parameter c from the set C 0 is randomly chosen and randomly changed within some range: c new = c(1 + rδ), where c new denotes the new value of the parameter, c is the previous value, r denotes a random number from the uniform distribution in the interval (0.5,0.5), and δ is the range of the change. For the new set C obtained in this way, the simulation for N clusters is performed. The value of S( C) is compared with that from the previous iteration S( C 0 ). If the new approximation has a smaller deviation from the experimental data [S( C) < S( C 0 )], then the new value of the considered parameter is accepted (c = c new ).
Multiple runs of the above procedure allow one to find a set of parameters C with a smaller value of S( C), which is a better approximation of the experimental data. Inset in Fig. 3(b) illustrates a tendency for S to decrease during the simulation. The acceleration of the approximation procedure requires a numerical optimization method (e.g., Marquardt method). The design presented in this paper is devoid of any optimization.
IV. RESULTS
Before starting the MC approximation procedure described in Sec. III C 2, the number of Yb 3+ neighbours in each cluster must be determined. Based on the histogram presented in Fig. 2(a) , two groups of possible positions can be distinguished: (i) a nearest neighbours group (in the range 0.36-0.4 nm) and (ii) a second-nearest neighbours group (in the range 0.6-0.73 nm). If only the former group (for R C = 0.4 nm) is taken into account, the number of Yb 3+ neighbours is not sufficient to reproduce emission decay curves with the shapes observed in the experiment. In simulation, based on the formulated model, three Yb 3+ neighbours (and 3 photons absorbed by these Yb 3+ ions) are indispensable to obtain blue emission from level 10. If the second-nearest neighbours group is taken into account (R C = 0.8 nm), then the number of Er 3+ ions with at least three Yb 3+ neighbours is sufficient to obtain the experimental data in the approximation procedure.
In Fig. 3(a) , the normalized number of photons obtained using that C is shown. Simulations are performed for N = 10 6 clusters of ions and a single MCS corresponds to the time interval ∆t = 1 µs. Based on the parameters C obtained for the low dopant concentration, a MC simulation for N clusters with a different Yb 3+ concentration is performed.
We assume that the parameters C are constant with increasing Yb 3+ . We observed a change of emission decay curves with a change of the Yb 3+ neighbours distribution in clusters.
In order to compare the results obtained from the MC simulation with the experimental data, the total number of photons emitted in an individual channel during time observations is calculated, G = 
where summation is performed over all MCS. These parameters have been obtained for samples with different Yb% based on the model which used the values obtained from fitting the experimental results for sample Yb 3+ 5%, Er 3+ 2% [ Fig. 3(a) ].
Thus, fitting with our MC model simultaneously several experimentally measured decay curves, we were able to obtain a set of parameters which can be used for extended, purely numerical simulations of such systems without further parameters obtained from experiments, in each particular case. This can be only true in the framework of assumptions we did at the beginning, where the ion-ion interactions are only limited to Yb 3+ -Er 3+ energy transfer upconversion. The results should deviate from the experimental results when the ion interactions became more complicated.
To test the range of validity of the presented model, we defined two experimental parameters, which can also be easily calculated numerically. The first parameter is the ratio between green and red emission bands intensity (G/R) and the second parameter is related to the number of photons involved in particular emission, which can be translated to the number of energy transfers responsible for pumping such levels. Experimentally, this parameter has been estimated in a similar way as presented in the inset of Fig. 1(d) from power dependent emission spectra. Figure 4 (a) shows the dependence of (G/R) and green-toblue (G/B) total emission intensities on the concentration of Yb 3+ dopants. As long as the results obtained from the simulation are consistent with the experimental data, we can conclude that processes not taken into account in the models (BET, CR, and EM) are rare or do not change with Yb 3+ content.
From these results, we can see that the numerically calculated G/R ratio increases monotonically even for a higher Yb 3+ content. Experimentally obtained values for G/R ratio also increase monotonically but with a much smaller slope. Also for the blue-to-green emission intensity ratio, the experimental results look very similar to the results obtained from simulation. Figure 4 (b) shows the average number of energy transfer events per photon emitted via radiative recombination from different energy levels of Er 3+ ion obtained for NCs with different concentrations of Yb 3+ ions. The simulation was performed with clusters of the Er 3+ ion and Yb 3+ neighbours arranged according to the distribution presented in Fig. 2 (bottom) . Also from these data, we can see a very good agreement between the numerically obtained numbers and experimentally estimated values. In this case, however, it can be seen that the number of energy transfers/second increases with an increase in the Yb 3+ content. The tendency of experimentally obtained values in this case is rather constant in this range of Yb 3+ content, which overlaps with the numerical data up to around 10% of Yb 3+ .
These results confirm that even with a relatively simple kinetic model used in MC simulation, we can reproduce the experimental data when the Yb 3+ concentration is below 10%-12% and Er 3+ is 2% or lower. This gives the possibility of testing the influence of different experimental factors on the Er 3+ ions emission intensity in silico.
Thus, in the final step, we investigated how the excitation pulse duration time τ p affects the response of the UP-NCs. This has also been done for the relative emission ratio (G/R and G/B). The obtained results are shown in Fig. 5 . Simulations were performed for a long constant pause between rectangular pulses. Due to the slow relaxation of excited electrons, such duration of the pause (1 ms) leads to reinitiation of initial conditions of the considered states of ions. The dependence of G/R and G/B on pulse duration, obtained using MC simulations, shows a decrease in pulse length for τ p less than 200 µs. The results are similar for both Yb 3+ concentrations.
In addition, Fig. 6 shows the influence of pumping light power on the relative emission ratio (G/R and G/B). For G/R ratio, we can observe a very slow increase in pumping light intensity. On the contrary, for G/B ratio, we can observe a strong decrease with an increase in light power. The functional behavior of these two ratios (G/R and B/G) does not significantly depend on Yb 3+ concentration. It is worth mentioning, however, that this is true only in the range of Yb concentration below 15% or in other words at conditions where BET and EM processes are not activated in the system.
V. CONCLUSIONS
There are two main aspects of our study. The first one is methodological. We have proposed kinetic MC model which allows one to calculate kinetic parameters from experimentally observed emission spectra, thus avoiding a rather arbitrary choice of those parameters from various literature sources.
The second aspect is related to an analysis of experimental data. The most important results are as follows:
(i) The presented results demonstrate that the combination of experimental and theoretical methods allows us to analyze the relationship between the emission decay curves and spatial distribution of Yb 3+ ions. In particular, we have shown that the second-nearest neighbours group must be taken into account (R C = 0.8 nm), meaning that the number of Er 3+ ions with at least 3 Yb 3+ neighbours is sufficient to obtain the efficient emission from Er 3+ ions. (ii) The proposed model produces results that are close to experimental observations. Comparison of experimental and theoretical results leads to the conclusion that when the Yb 3+ concentration is below 10%, processes not taken into account (EM, BET, and CR) in the model are rare in the system. (iii) Our approach offers a possibility to estimate values of some physical parameters related to the studied processes. To demonstrate it, we have selected the optimal pulse duration and pumping light power for the desired relative emission ratios.
There are several straightforward extensions of this model to be possible: (i) use of full model with the back energy transfer, cross relaxation, and energy migration; 24 (ii) incorporation into the model the dependence of transition probabilities on the distance between Er 3+ and Yb 3+ ions (Dexter or Forster) and it can easily be achieved by counting the second nearest neighbours separately and multiplying transition ratios T for them with the correction factor; (iii) non-homogenous distribution of both ions.
